Direct numerical simulation is used to study a turbulent plane wall-jet including the mixing of a passive scalar. The Reynolds and Mach numbers at the inlet are Re= 2000 and M = 0.5, respectively, and a constant coflow of 10% of the inlet jet velocity is used. The passive scalar is added at the inlet enabling an investigation of the wall-jet mixing. The self-similarity of the inner and outer shear layers is studied by applying inner and outer scaling. The characteristics of the wall-jet are compared to what is reported for other canonical shear flows. In the inner part, the wall-jet is found to closely resemble a zero pressure gradient boundary layer, and the outer layer is found to resemble a free plane jet. The downstream growth rate of the scalar is approximately equal to that of the streamwise velocity in terms of the growth rate of the half-widths. The scalar fluxes in the streamwise and wall-normal direction are found to be of comparable magnitude. The scalar mixing situation is further studied by evaluating the scalar dissipation rate and the mechanical to mixing time scale ratio.
I. INTRODUCTION
A plane wall-jet is obtained by injecting fluid parallel to a wall in such a way that the velocity of the fluid, over some distance from the wall, supersedes that of the ambient flow. The structure of a turbulent wall-jet can be described as being composed of two canonical shear layers of different type. The inner shear layer, reaching from the wall out to the point of maximum streamwise velocity, resembles a boundary layer, while the outer layer, from the maximum velocity out to the ambient fluid, resembles a free shear layer. A consequence of the double shear layer structure is that properties such as momentum transfer and mixing will exhibit distinctively different characteristics and scaling properties in the two shear layers.
Plane wall-jets are used in a wide range of engineering applications. Many of these applications apply wall-jets to modify heat and mass transfer close to walls. Well known examples of these are, e.g., film-cooling of the leading edges of turbine blades and in automobile demisters. In these applications, turbulent mixing in the vicinity of walls plays an important role. However, the mixing processes in this region are presently not fully understood, and it is therefore of interest to add to this knowledge.
The first experimental work on turbulent plane wall-jets was carried out by Förthmann. 1 The investigation concluded that the mean velocity field develops in a self-similar manner, that the half-width grows linearly, and that the maximum velocity is inversely proportional to the square root of the downstream distance. Glauert 2 studied the wall-jet theoretically, seeking a similarity solution to the mean flow by applying an empirical eddy viscosity model. However, because different eddy viscosities are needed in the inner and outer part of the jet, he concluded that a single similarity solution is not possible. Bradshaw and Gee 3 were the first to present turbulence measurements from a wall-jet and reported that the shear stress attains a finite value at the point of maximum velocity. Tailland and Mathieu 4 reported a Reynolds number dependency of the half-width growth and maximum velocity decay.
The wall-jet experiments carried out prior to 1980 have been compiled and critically reviewed by Launder and Rodi. 5, 6 In the experiments considered to be satisfactorily two-dimensional, the linear spreading rates were found to fall within the range dy 1/2 / dx = 0.073± 0.002. The position of zero shear stress was also concluded to be displaced from the position of maximum velocity, but the uncertainties in the turbulence statistics were reported to be high. In the experiments reviewed, no near-wall peak in the energy was found, which was assumed to result from a strong influence of the free shear layer on the inner layer. In the experimental study of Abrahamsson et al., 7 inner maxima were found in the streamwise and lateral turbulence intensities but not in the turbulent kinetic energy profile. Schneider and Goldstein 8 used laser Doppler velocimetry ͑LDV͒ to measure turbulence statistics in a wall-jet at Re= 14000. They found the Reynolds stresses in the outer region to be higher than in previous experiments using hotwire measurements, which in turn were argued to underestimate properties in this region due to high turbulence intensities and flow reversals. LDV was also used by Eriksson et al. 9 to perform highly resolved velocity measurements in a wall-jet of Re= 9600 all the way into the viscous sublayer, enabling direct determination of the wall shear stress. Scaling laws for the mean profiles and the turbulence properties have previously been sought for the plane wall-jet. One choice is to use the inlet velocity and jet height as characteristic scales, but this scaling does not lead to collapse of data from experiments at different Reynolds numbers; see, e.g., Launder and Rodi. 5 Narashima et al. 10 suggested that tum flux and the kinematic viscosity. The same approach was employed by Wygnanski et al. 11 in an effort to remove the inlet Reynolds number dependency and to determine the skin friction from the decrease in momentum flux. Irwin 12 used a momentum balance approach, neglecting viscous stresses, to derive that in the case of a jet in a coflow, the ratio of the streamwise velocity to the coflow must be kept constant to admit self-similarity. Zhou and Wygnanski 13 proposed a scaling based on the work of Narashima et al. 10 for the wall-jet in an external stream. George et al.
14 performed a similarity analysis of the inner and outer part of the wall-jet without coflow. Both the inner and shear layers were reported to reduce to similarity solutions of the boundary layer equations in the limit of infinite Reynolds number, but for finite Reynolds numbers, they found neither inner nor outer scaling to give a complete collapse of the data.
Dejoan and Leschziner 15 performed a large eddy simulation ͑LES͒ matching the experiments by Eriksson et al. 9 The results of the simulation agreed well with the experiments for the velocities and for the Reynolds stresses. An extensive study of the budgets of the turbulent energy and Reynolds stress was carried out, and turbulent transport was found to play a particularly important role in the region where the outer and inner layers overlap. The transition process in the experiments was reportedly difficult to accurately reproduce in the LES, and a discrepancy in the wall-normal stress in the simulation was attributed to this difficulty.
Reports of direct numerical simulations ͑DNS͒ of walljets have until recently been scarce. Wernz and Fasel 16, 17 employed DNS to investigate instability mechanisms in a transitional wall-jet. The breakdown of a finite-aspect-ratio wall-jet was studied by Visbal et al. 18 Recently, Levin et al. 19 studied the laminar breakdown of a wall-jet using linear analysis and DNS. In an extension to that work, Levin 20 used a larger computational box to obtain averaged turbulence statistics.
Despite the numerous investigations of wall-jets, including theoretical, experimental, and numerical studies, the question of self-similarity and scaling has not been fully addressed. The reason for this originates in the existence of two different types of shear layers. Each of the layers have a distinct set of characteristics and scalings that excludes a full self-similarity. Presumably statistics close to the wall are governed by inner scales, in accordance with boundary layers, and likewise in the outer part, where some type of outer scales should be the appropriate ones. However, the definition of these scalings is not clear, and may as well vary between different quantities.
The aim of the present investigation is to study the turbulent propagation of a plane wall-jet by means of direct numerical simulation. The study aims at increasing the knowledge of the dynamics and mixing present in this flow case. The dynamics and self-similarity of the wall-jet is assessed by applying different scalings in the inner and outer shear layers. The mixing is analyzed through statistics of the passive scalar, the fluctuation, flux, and the dissipation rate. As for the dynamic properties, different scalings are employed to emphasize mixing properties in the inner and outer shear layer. Presently, few simulations have been performed for this flow case, and to our knowledge this is the first to include scalar mixing. The research performed is part of an ongoing project with the aim of studying turbulent combustion through DNS. The code used employs the fully compressible formulation in order to facilitate a later extension to reactive flows.
II. GOVERNING EQUATIONS
The equations governing conservation of mass, momentum, and energy used in the simulation are 21 
‫ץ‬
where is the mass density of the fluid, u i is the velocity components, p is the pressure, and E = ͑e +1/2u i u i ͒ is the total energy. The fluid is considered to be Newtonian, with a zero bulk viscosity, for which the general form of the viscous stress is
͑4͒
where is the dynamic viscosity. The heat diffusion is approximated using Fourier's law for the heat fluxes q i =−‫ץ‬T / ‫ץ‬x i , where is the coefficient of thermal conductivity and T is the temperature. In the simulations, a Prandtl number of Pr= c p / = 0.72 is used. The fluid is furthermore assumed to be calorically perfect and to obey the perfect gas law. The mixing in the plane wall-jet is studied by introducing a passive scalar. The scalar is conserved and passive in the sense that the motion of the fluid is unaffected by the presence of the scalar. The equation governing the passive scalar concentration is
where D is the diffusion coefficient of the scalar. In the simulations, the scalar diffusivity in terms of the Schmidt number is Sc= / D =1.
III. NUMERICAL METHOD
Spatial integration of the governing equations is achieved by employing a formally sixth-order compact finite-difference scheme for the derivatives. 22 In the nonperiodic directions, schemes of reduced order are used at the two nodes adjacent to the boundary. At the node directly on the boundary, a one-sided third-order scheme is applied, and at the consecutive node a central fourth-order scheme is used. For the temporal integration, an explicit four-stage Runge-Kutta scheme of third order 23 is employed. The computational domain is a rectangular box with a domain size, in terms of the jet inlet height h, of L x / h = 47, L y / h = 18, and L z / h = 9.6 in the streamwise, wall-normal, and spanwise directions, respectively. In the simulation, the streamwise and the wall-normal directions are nonperiodic, while in the spanwise direction periodic boundary conditions are used. The number of nodes used in the simulation is 384ϫ 192ϫ 128, in the streamwise, wall-normal, and spanwise direction, respectively. The smallest scales present in the wall-jet are found in the near-wall region, in analogy to other wall bounded flows. This can be concluded by observing that the dissipation maximum occurs at the wall, see Fig.  16 . Wall units are consequently used to quantify the resolution. In the streamwise direction, a third-order polynomial is used to stretch the grid. The grid spacing is finest in the transition region of the jet, and coarsest at the outlet, maintaining a node separation of 10Ͻ⌬x + Ͻ 11 in terms of wall units in the region used for turbulence statistics 15ഛ x / h ഛ 40. The spanwise node separation, also in wall units, decreases from ⌬z + ͑x / h =15͒ = 8.2 to ⌬z + ͑x / h =40͒ = 5.5 in the same region. The resolution in these directions is comparable to the resolution in channel flow simulations. 24 In the wallnormal direction, the grid is stretched using a combination of a hyperbolic tangent and a logarithmic function. The combination allows for clustering of nodes close to the wall while maintaining a high resolution of the outer layer. In the inner region, the viscous sublayer ͑y + Ͻ 5͒ is always resolved with three or more nodes. In the outer layer, the wall-normal node spacing equals that of the spanwise direction at a wall distance y / h = 2.9.
To avoid accumulation and growth of unresolved waves in the high wave number range, a low-pass filter is continuously applied to the scalar and velocity fields. Filtering of the fluid variables is performed once every ten time steps using the explicit sixth-order filter suggested by Lele. 22 In an effort to prevent negative concentrations, owing to dispersion errors of the numerical scheme, a second-order filter is applied to the scalar concentration in the initial part of the domain, x / h Ͻ 12. The inlet region is filtered with a longer interval, once every 300 time steps, to reduce the introduced numerical diffusivity. In the rest of the domain, the scalar is filtered using the same filter and the filtering period as the fluid variables. This approach did reduce but not completely prevent negative scalar concentration. The second-order filter completely avoids the creation of negative concentration in the initial region. Further downstream, spots of negative concentration appear in the far outer part of the jet. The magnitude of these is in general less than 4% of the inlet scalar concentration.
To validate that the results are independent of the grid resolution and domain size, a reference simulation was carried out. In the reference simulation, a domain size of 25h ϫ 15h ϫ 4.8h consisting of 160ϫ 160ϫ 50 nodes was used. The smaller simulation yielded results very close to the ones presented in the article concerning jet growth, mean velocity profiles, and Reynolds shear stress.
IV. INLET AND BOUNDARY CONDITIONS
The inlet profiles for the velocity and the scalar concentration are shown in Fig. 1 and are described in detail in Appendix A 1. The velocity profile includes a coflow of 10% of the jet inlet velocity, U c = 0.10U in . The purpose of the coflow is to ensure that large-scale vortices, propagating out from the jet, leave the domain without contaminating the statistics. The inlet scalar profile is finite at the wall, assuming that the scalar is homogeneously mixed in the injected fluid prior to injection. At the wall, a no-flux condition, ‫ץ͑‬ / ‫ץ‬y͒ y=0 = 0, is applied. The scalar is initially zero in the coflow above the jet.
We define the velocity half-width y 1/2 as the distance from the wall to the position with a mean velocity of half of the excess value, U͑y 1/2 ͒ = Inlet disturbances are introduced to facilitate a fast transition to turbulence, so that in a large part of the domain the flow is fully turbulent. Three types of disturbances are used in the present simulation: random disturbances of a prescribed length scale, streamwise vortices, and periodic streamwise forcing. All disturbances are superimposed at the inlet. The random disturbances are generated using a digital filter technique by Klein et al. 25 The filter produces correlated disturbances with a length scale of h / 3 and a rootmean-square magnitude of 0.05U in . Streamwise vortices are added in the upper shear layer. This disturbance type was found by Levin et al. 19 to play an important role in plane-jet transition. The amplitude of the added vortices is 0.01U in . The streamwise periodic disturbance is composed of two harmonic functions, each with an amplitude of 5 ϫ 10 −3 U in and a respective Strouhal number of 0.3 and 0.45. The inlet disturbances are defined in more detail in Appendix A 2. At the top of the domain, an inflow velocity is applied to account for the entrainment of fluid caused by the jet. The top inflow condition used is defined in Appendix A 3.
To minimize the reflection and generation of spurious waves at the boundaries, boundary zones in the manner of Freund 26 are used. The zones consist of two additional terms, one convective and one dissipative, added smoothly to the equations in the vicinity of the inlet, outlet, and the top boundary. The thickness of the boundary zones is approximately h at the inlet, 2.5h at the outlet, and 4h at the top. A more complete description of the boundary zones is available in Ahlman et al.
27

V. RESULTS
To accumulate statistics, the solution was sampled every 200 time steps corresponding to approximately 0.5t j , where t j = h / U in is the inlet time scale. The sampling was started at t = 185t j and continued for a duration of t samp = 309t j . Because of the slow time scales in the end of the domain, such a long simulation time is required to obtain reliable statistics. The simulation was performed on a Linux cluster using 22000 CPU hours.
To account for compressibility, statistics is commonly computed using mass-weighted ͑Favre͒ averaging. Assuming a variable f, the decomposition into a mean and fluctuating part is performed through
where is the fluid density and the usual averaging procedure is denoted by f. The mass-weighted mean is denoted by f and the corresponding fluctuation by fЉ. In the simulation results, Favre averaged statistics are denoted by plain uppercase letters, e.g., U = Ũ . In Fig. 2 , the density fluctuation intensity normalized by the inlet density and the ratio of the Favre and Reynolds averaged streamwise velocity are presented. The density fluctuations and their effect on the averaged statistics are small ͓O͑10 −3 ͔͒ and decrease downstream. Compressibility effects are thus small and can in fact be neglected in the present analysis. Nevertheless, Favre averaging has been used to compute the statistics presented. Figure 3 shows a snapshot of the streamwise velocity and the scalar concentration in an xy plane. The transition process can be seen to start prior to x / h = 5, after which the flow quickly becomes fully turbulent. Instantaneous plots of the scalar fluctuation, Љ/ ⌰ m , in two downstream cross-flow planes ͑zy planes͒ at x / h = 20 and 40 are shown in Fig. 4 , where it can be noted that the scales of the flow structures grow significantly downstream, in particular in the outer part of the jet.
In Fig. 5 , an instantaneous plot of the streamwise velocity fluctuation uЉ / u is shown in an xz plane close to the wall at y + = 9. In this region, elongated streamwise streaks, typical of boundary layers, are present.
A. Jet development
In the next section, we investigate the velocity statistics in the inner and outer shear layers, using appropriate inner and outer scaling techniques. This approach alleviates comparisons with other results at higher Reynolds numbers. The downstream development of friction velocity, u = ͱ w / , and wall scalar concentration, ⌰ w , both normalized by inlet values, are presented in Fig. 6 . The friction velocity exhibits an initial decrease due to laminar propagation. Further down- 
Instantaneous plots of the streamwise velocity ͑a͒ and the scalar concentration ͑b͒ in an xy plane. For the velocity, a light color corresponds to a high velocity and dark to a low velocity ͑or locally negative͒. For the scalar, a light color corresponds to a high concentration and dark represent zero concentration.
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stream, in the transition region, the friction velocity increases, until approximately x / h = 11, whereafter turbulent propagation causes a monotonic decrease. The small wiggle noted near x = 0, an artefact of the boundary technique, occurs solely in the sponge zone and does not affect the flow in the interior domain. The wall scalar concentration remains virtually constant prior to the transition start, exhibits a slight decrease during transition, and a substantial decrease beyond x / h = 11. The downstream development of the velocity and scalar half-widths in the simulation as well as the velocity halfwidth from the experiments by Eriksson et al. 9 are plotted in Fig. 7 . The velocity half-width growth in the initial region is seen to be different in the simulation and the experiments. In particular, the transition to turbulence in the simulation appears to be faster. This is a result of the efficient, highamplitude inlet disturbances used. In the experiment, natural, low-magnitude turbulent disturbances, or remnants thereof, are present at the inlet and therefore the transition is more gradual. As a consequence of the different transition scenarios, the virtual origins of the simulation and experimental half-widths differ. In both the DNS and the experiment, the developed turbulent growth of y 1/2 is approximately linear, in correspondence to what is found in self-similar plane free jets. Fitting a linear relation, using values from x / h =15 to 40, yields a half-width growth rate of dy 1/2 / dx = 0.068 in the simulation. This is somewhat lower than the range dy 1/2 / dx = 0.073± 0.002 deduced by Launder and Rodi, 5 and the growth rate dy 1/2 / dx = 0.078 by Eriksson et al. 9 It is also lower than the growth rate dy 1/2 / dx = 0.081 reported by Abrahamsson et al. 7 This lack of universality is well known from previous wall-jet studies 4, 7, 11, 13 and can be attributed to the differences in Reynolds number 7, 11 and the use of a coflow in the simulation. 13 The growth rate of the scalar half-width is approximately equal to that of the velocity. This is in contrast to the corresponding property in plane jets, where the downstream scalar growth rate has been reported to be greater than the velocity-based one. [28] [29] [30] In Fig. 8 , the streamwise decay ratio
2 is plotted as a function of x / h. In the turbulent part, this quantity appears to be linear, in correspondence to the decay of a plane jet, for which self-similarity analysis yields U m ϳ 1/ ͱ x. 31 The fast transition in the simulation is again evident. The streamwise decay ratio adjusts to an approximately linear relation already at x / h = 15, whereas in the experiments this happens further downstream. After x / h = 70, the linear growth rate is close to that of the simulation, suggesting that the experiments become self-similar significantly further downstream than the simulation.
B. Velocity field statistics
In Fig. 9 , mean streamwise velocity profiles are plotted in inner scaling using the friction velocity u = ͱ w / and the viscous length l * = / u as characteristic inner scales, in correspondence to boundary layers. The inner scaling is found to collapse the near-wall portion of the wall-jet mean profiles. In order to compare the inner region with that of a boundary layer, the simulation data of Skote et al. 32 at Re ␦ * = 200 are added in the figure. Our data and the boundary layer data are seen to agree well, in terms of the inner scaling, to y + = 13. An inertial sublayer is presumed to exist far- 
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ther out from the wall, provided that the Reynolds number is high enough. Logarithmic overlap regions have been found in previous wall-jet investigations by Wygnanski et al., 11 Eriksson et al., 9 and Dejoan and Leschziner, 15 but no logarithmic region is found in the profiles extracted from the DNS. Evidently the low Reynolds number, Re= 2000, does not allow for large enough scale separation.
Since the inner scaling does not apply outside of y + = 13, another scaling is applied to the center region of the jet in Fig. 10 . The wall distance is scaled with the half-width y 1/2 and the velocity with the local maximum velocity U m . This corresponds to the conventional outer scaling and has previously been used to collapse profiles in wall-jets without coflow. 5, [7] [8] [9] In this scaling, the profiles collapse in the inner shear layer and in the center region of the jet. However, very close to the wall the inner scaling applies, as shown before. At all downstream positions, the maximum streamwise velocity is found at y m / y 1/2 Ϸ 0.24, which is higher than the value 0.17 quoted by Eriksson et al. 9 and the range 0.13-0.17 by Launder and Rodi, 5 but these values were acquired at higher Reynolds numbers and in wall-jets without external streams. Zhou and Wygnanski 13 observed that the ratio y m / y 1/2 increases with the inlet coflow ratio U c / U in . Because of the constant coflow, the conventional outer scaling fails to collapse the mean profiles far out from the wall, especially for y / y 1/2 Ͼ 1, as seen in 10. Figure 11 shows the streamwise velocity profiles in the outer layer, using an outer scaling adjusted for the coflow. The wall distance is scaled by y 1/2 and the velocity difference ͑U − U c ͒ is scaled by the excess velocity of the outer layer ͑U m − U c ͒. This scaling was suggested by Zhou and Wygnanski 13 for wall-jets with a coflow and yields a good collapse of the velocity profiles in the outer region. Irwin 12 used a classical momentum balance analysis to show that to admit exact self-similarity, the velocity excess to coflow ratio ͑U m − U c ͒ / U c must be kept constant. The collapse of the mean profiles in the outer layer, therefore, indicates that the constant coflow in the simulation only causes a slight departure from self-similarity.
The fluctuation intensities ͑root-mean-square profiles͒ and the turbulent kinetic energy in inner scaling are shown in Fig. 12 . The impact of the wall on the wall-normal fluctuations is clearly seen since this component does not have a peak in the inner shear layer. Close to the wall, the wallnormal fluctuations are significantly smaller than the other components, leading to a strong anisotropy. The profile of the streamwise component has two peaks, in the inner and outer layers, respectively. The inner peak is positioned at y + = 13, which is in agreement with zero pressure gradient boundary layer data. 33 The inner maximum streamwise fluctuation intensity is approximately u + = 2.4, which is in reasonable agreement with Spalart, 34 who found a value of u + = 2.51 in a boundary layer at Re = 300, and Moser et al., 35 who reported a value of u + = 2.66 in a channel flow at Re = 180. The maximum production of kinetic energy in the inner layer ͑not shown here͒ is found to be positioned at y + = 10. In between the inner and outer layer u + maxima, the fluctuation intensity minimum is positioned at y + = 50, corresponding to the U m position ͑see Fig. 9͒ where production due to mean shear vanishes. Both streamwise fluctuation peaks are of the same magnitude in contrast to experiments performed at higher Reynolds numbers, 7, 9 where u + is higher in the outer region.
FIG. 9. Mean velocity profiles in inner scaling
The spanwise velocity fluctuation profile does not show a peak near the wall, but rather a plateau. In the outer part, the w + profiles are similar to those of the other components.
Regarding scaling in the inner part, y + Ͻ 13, both the u + and v + profiles collapse well. This is expected from the collapse of the mean profiles and the good agreement with boundary layer data in this region in terms of inner scaling. Comparing the intensity profiles in the outer shear layer, they all appear to collapse using inner scaling and to have peaks positioned close to y + = 200. The experimental streamwise and wall-normal fluctuation intensity profiles of Eriksson et al. 9 at x / h = 70 are also plotted in inner scaling in Fig. 12 . This downstream station is used to ensure a comparison in the respective self-similar regions of the simulated and the experimental wall-jets. The wall-normal intensity in the inner layer compares well with the experimental values. In the streamwise component, however, the fluctuation intensity is significantly lower in the simulation. This difference is, at least partly, a Reynolds number effect.
The turbulent fluctuation intensities and the turbulent kinetic energy are evaluated using an outer scaling in Fig. 13.   FIG. 10 . Mean velocity profiles using conventional outer scaling. Inset shows the full profiles using the same scaling. Lines as in Fig. 9 . FIG. 11 . Mean velocity profiles in the outer shear layer, using an outer scaling adjusted for the coflow. Lines as in Fig. 9 .
FIG. 12. Individual velocity fluctuation intensities ͑a͒-͑c͒, and the turbulent kinetic energy ͑d͒ using inner scaling ͑u
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The outer scaling is based on the excess velocity ͑U m − U c ͒ and the velocity half-width y 1/2 , in analogy to the self-similar scaling of a free shear layer. The outer part of the downstream profiles is found to collapse fairly well in this scaling. The profiles furthermore agree well with the scaled experimental profiles, 9 except for far out from the wall, which can be explained by the difference in ambient flow conditions. In Fig. 14 , the normalized turbulence intensity u rms Љ / U, where U is the local mean velocity, is plotted as a function of y + . This quantity has previously been shown to be constant in the viscous sublayer, taking a value of about 0.4 in both turbulent boundary layers and channel flows. 38 The wall-jet intensity profiles approach values in the range of 0.35-0.39 in the viscous sublayer, which agrees well with the data of Skote et al. 32 also presented in the figure. The Reynolds shear stress is shown in Fig. 15 , using inner and outer scaling. Symbols are added marking the U m and y 1/2 positions. Experimental profiles 9 are also added for comparison. The inner negative stress peaks at different downstream positions collapse using inner scaling and have a minimum of uv + = −0.56 at y + = 18. When increasing the Reynolds number in a channel flow, the inner scaled shear stress peak is found to tend to −1 and to move further out from the wall. 33 This trend is also seen in the wall-jet when comparing the inner layer shear stress to that in the experiments. The outer shear stress maxima are positioned approximately at 0.8y 1/2 , similar to the fluctuation intensities in Fig.  13 . The outer region shear stress in the simulation is noted to be higher than in the experiment. In the experimental data we have observed that the shear stress increases downstream, indicating a deviation from self-similarity. The position of vanishing Reynolds shear stress does not coincide with the U m position. This is a well known property of wall-jets and is evidence of the outer layer interaction with the inner layer. In the simulation, the Reynolds stress vanishes in the range of 43ഛ y + ഛ 49 for the downstream distance profiles plotted in the figure, while U m is positioned in the range of 51ഛ y + ഛ 59. Since the shear stress production term −uЉvЉ ‫ץ‬Ũ / ‫ץ‬y is dominant, this implies that there is a small region where the production of kinetic energy is negative. The production magnitude in this region is, however, not significant. At this Reynolds number the negative production is about two orders of magnitude lower than the maximum production. Boundary layer simulation by Skote et al. ͑Ref. 32͒ Re ␦ * =200 ͑ϫ͒. Lines as in Fig. 12 .
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George et al. 14 proposed that the Reynolds stress should scale with the friction velocity squared, u 2 , also in the outer layer. The present data do not clearly support this proposition, because using inner scaling instead of outer does not lead to a better collapse of the profiles.
The viscous dissipation rate, ⑀ = ij ‫ץ‬u i Љ/ ‫ץ‬x j / , is presented in Fig. 16 . Inner scaling is employed by using u 4 / , and correspondingly ͑U m − U c ͒ 3 / y 1/2 is used for outer scaling. The near-wall values of ⑀ in terms of wall units agree reasonably well with values found in turbulent channel flow. The kink in the profiles at about y + = 10 is also present in channel flows. 39 In the outer shear layer, maxima are observed slightly inside of the half-width, coinciding with the position of the Reynolds stress maxima.
C. Scalar statistics
The mean scalar concentration is plotted in Fig. 17 using the scalar half-width y 1/2 to scale the wall distance. The con- . The maximum streamwise flux magnitude is comparable to the maximum wall-normal flux and is about 0.018 in terms of the outer scaling. For a plane jet, Ramparian and Chandrasekhara 29 found the equivalently scaled streamwise and wall-normal fluxes to be 0.024 and 0.018. In a round jet, Panchapakesan and Lumley 40 found the corresponding fluxes to be about 0.031 and 0.021. The nonzero streamwise flux in the simulation implies that the scalar flux vector is not aligned with the mean scalar gradient, which in close approximation is pointing in the wall-normal direction. The origin of this misalignment of the scalar flux vector can be explained by considering the production of scalar flux in a plane shear layer. When neglecting streamwise mean development, the streamwise production is 42
where the first term represents production due to the mean scalar gradient and the second production due to mean shear. Both production terms are nonzero in the wall-jet and therefore produce a scalar flux also in the streamwise direction. The scalar dissipation rate, =2D‫ץ‬Љ / ‫ץ‬x i ‫ץ‬Љ / ‫ץ‬x i , is shown in Fig. 20 scaled with an inlet-based scaling and an appropriate outer scaling. At the first two profile positions, the scalar dissipation possesses a visible inner peak. Further downstream, the scalar dissipation profiles attain a flatter shape, indicating a more homogeneous small-scale mixing throughout the jet. At the same time, the overall dissipation magnitude decreases substantially downstream. As in previous statistics, an appropriate outer scaling approximately collapses the scalar dissipation in the outer layer.
The mechanical to mixing time scale ratio ⑀ / = ͑K / ⑀͒ / ͑Љ 2 / ͒ characterizing the small-scale mixing is plotted in Fig. 21 . The time scale ratio increases out from the wall and reaches a peak value of about 1.3 at the half-width position. The profiles are qualitatively in agreement with results found in a turbulent channel flow in Johansson and Wikström, 43 where the corresponding time scale ratio was seen to increase in the outer region, reaching a maximum value of about 1.6. The mixing ratio profiles at different downstream positions are also noted to collapse, indicating that the small-scale dynamics and mixing are approximately in equilibrium.
VI. CONCLUSIONS
Direct numerical simulation of a plane compressible wall-jet in a constant coflow, including the mixing of a passive scalar, was performed. The Mach number in the simulation was moderate and compressibility effects were negligible. Statistics from the simulation were computed and analyzed in order to study the wall-jet dynamics and mixing.
The statistics were compared to experimental and simulation data of wall-jets and other wall bounded and free shear flows. The growth of the jet was found to be approximately linear with a rate of dy 1/2 / dx = 0.068. Also the maximum velocity decay, in terms of ͑U in − U c ͒ 2 / ͑U m − U c ͒ 2 , was found to be approximately linear. To investigate self-similarity in the wall-jet inner and outer shear layers, inner and outer scaling was employed. The applied inner scaling corresponds to the boundary layer scaling in terms of plus units. The outer scaling was based on the velocity half-width and the outer excess velocity ͑U m − U c ͒. The study has shown that several statistical quantities have reached an approximate self-similar state in terms of the applied scalings. The use of inner and outer scalings also facilitated comparisons with previous LES and experimental data at higher Reynolds numbers by studying statistics in the inner and outer layers separately.
The inner part of the wall-jet, out to y + = 13, was found to closely resemble a turbulent zero pressure gradient boundary layer. In the inner part, the mean and fluctuation profiles collapse in inner scaling and a viscous sublayer is present out to y + = 5. The position and magnitude of the maximum streamwise fluctuation intensity agree well with boundary layer data. In the viscous sublayer, the local turbulence intensity tends to be constant in resemblance to boundary layers and channel flows.
The outer layer, on the other hand, resembles a free plane jet. The mean profiles in this region scale with an outer scaling similar to the one used in self-similarity studies of plane jets. The scaled maximum fluctuation magnitudes in the outer shear layer agree well with the wall-jet experiments by Eriksson et al. 9 and also reasonably well with data from plane jet experiments. The downstream growth rate of the scalar in terms of the scalar half-width was found to be approximately equal to the growth rate of the velocity half-width. Scaling with the maximum concentration and the scalar half-width leads to a collapse of the mean scalar profiles. The scalar fluctuation is constant in the viscous sublayer but no appropriate inner scaling exists as a result of the zero-gradient wall boundary condition. The scaled maximum scalar fluctuation in the outer layer corresponds to values observed in free plane jets. The streamwise and wall-normal scalar fluxes were found to be of comparable magnitude, implying that the scalar flux vector and the mean scalar gradient are misaligned. The profiles of the mechanical to mixing time scale at different 
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downstream positions collapse, indicating that the smallscale mixing has reached equilibrium.
ACKNOWLEDGMENTS
The present work has been funded by the Centre for Combustion Science and Technology ͑CECOST͒. The computations were performed at the Center for Parallel Computers at KTH, using time granted by the Swedish National Allocation Committee. Professor Bendiks Jan Boersma is thanked for providing the original version of the DNS code. Timmy Sigfrids and Henrik Alfredsson are thanked for discussions on compressibility effects.
APPENDIX: INLET CONDITIONS
Inlet profiles
The specified inlet velocity U inlet ͑y͒ consists of a composite profile, constructed from three parts, and is defined as 
ͪͬͮ. ͑A4͒
using profile coefficients in Table I . The inlet passive scalar profile is prescribed by a using a hyperbolic tangent function inlet ͑y͒ = in 2 ͕1 − tanh͓G t ͑ ͱ y 2 − h͔͖͒. ͑A5͒
Inlet disturbances
For fast transition to turbulence, three types of inlet disturbances are used in the simulation: random disturbances with a prescribed length scale, streamwise vortices, and pe- 065102-11 DNS of a plane turbulent wall-jet Phys. Fluids 19, 065102 ͑2007͒ riodic streamwise forcing. All three disturbances are superimposed at the inlet. The random disturbances are generated using a filter technique by Klein et al. 25 The rms magnitude of the random disturbances used is 5% of the jet inlet velocity and the disturbance length scale is h / 3 in all three directions.
The streamwise vortices are constructed as 
Top inflow condition
The domain is finite, implying that the entrainment must be accounted for at the top of the domain so that the jet development is not constrained. Carrying out a cross stream integration of the mean two-dimensional continuity equation, an estimation of the mean inflow velocity is found,
where M u ͑x͒ is the streamwise mass flux. Using the data of Eriksson et al., 9 the streamwise mass flux is found to increase linearly according to M u ͑x / h͒ϳ0.031M u 0 ͑x / h͒ in terms of the jet inlet mass flux M u 0 and the normalized downstream distance. This leads to
which has been used in the present DNS to prescribe the entrainment velocity at the top of the domain. 
